Abstract-Control of underactuated mechanical systems (robots) represents an important class of control problem. In this correspondence, a model-based adaptive variable structure control scheme is introduced, where the uncertainty bounds only depend on the inertia parameters of the system. Global asymptotic stability is established in the Lyapunov sense. Numerical simulations are conducted to validate the theoretical analysis.
I. INTRODUCTION
In recent years, the control of underactuated mechanical systems has attracted growing attention and is a topic of great interest [1] - [8] , [10] - [12] , [16] . Examples of such systems are illustrated, for example, in [10] . Interest in studying the underactuated mechanical systems is motivated by their role as a class of strongly nonlinear systems where complex internal dynamics, nonholonomic behavior, and lack of feedback linearizability are often exhibited [11] , [15] , for which traditional nonlinear control methods are insufficient and new approaches must be developed.
Although dynamics of the underactuated mechanical systems is well understood, the difficulty of the control problem for underactuated mechanisms is obviously due to the reduced dimension of the input space. The literature on the control of underactuated systems is mainly recent [1] - [8] , [10] - [12] , [17] , and the discussion mainly focuses on two-degree-of-freedom examples [3] , [4] , [6] , [11] , [15] . Earlier work that deals with control of underactuated robotic systems is described in [1] . Seto and Baillieul [10] developed a general backstepping control method for the system with a chain structure. Underactuated mechanical systems have also been investigated from a nonholonomic constraint point of view [2] , [8] , [12] , [15] , [17] , where, for instance, Oriolo and Nakamura [8] and Wichlund et al. [17] established the conditions for partial integrability of second-order nonholonomic constraints and discussed control problems.
While some interesting techniques and results have been presented in the above-mentioned publications, the control of such systems still remains an open problem. For example, most of the control schemes mentioned above either failed to provide a thorough analysis of the overall system stability or assumed that gravitation forces do not act on the passive joints. Furthermore, the precise knowledge of the dynamic model is generally required except in [5] and [12] . However, the schemes in [5] and [12] suffer their own drawbacks. For example, the scheme in [5] needs inverse matrix calculations, and the scheme in [12] can only stabilize the system to a manifold. In this correspondence, a robust nonlinear control law is derived for underactuated robots based on the variable structure theory [16] . More specifically, the results given in [13] and [14] are extended to the underactuated case. The proposed scheme keeps the advantages of [12] and [13] : the uncertainty bounds, needed to design the control law and to prove the global asymptotic stability, depend only on the inertia parameters. As a result, precise bounds on the uncertainty can easily be computed. Stability analysis shows that the closed-loop system is global asymptotic stable.
II. UNDERACTUATED ROBOT DYNAMICS
The dynamic model of a mechanical system (robot) can be written as We note that the structure property still holds for (2) .
From (2) we can see that the robot system has n generalized coordinates, but only m control inputs. No input term explicitly appears in (3), which may thus be interpreted as an (n 0 m)-dimensional constraints involving generalized coordinates as well as their first and second time derivatives.
III. CONTROLLER DESIGN
The control objective can be specified as: given desiredd ; _d , andd , which are assumed to be bounded and should satisfy the constraint equation (3), determine a control law for u u u a such thatasymptotically converge tod . However, for givend , the constraint equation (3) may not be verifiable since the parameters are unknown. In this correspondence, we will only focus our attention on the set-point control (global regulation) problem (i.e., 
We supposed only that the parameter vectors r and f are uncertain, by which we mean that there exist r 2 R + and f 2 R + , both known, such that k r k r ; k f k f
where the norm of vector x, throughout, is defined as kxk = n i=1 jx i j, and that of matrix A is defined as the corresponding induced norm. With the above in mind, a regressor based adaptive variable structure set-point control law is defined as 
where Ka 2 R m2m and Ku 2 R (n0m)2(n0m) are positive definite (diagonal) matrices; > 0 and 1 > 0 are small constants, satisfying < 1 ; and > 0 is a constant, determining the rate of the adaptations. The system formed by (2) and (12)- (14) is discontinuous. In such a case, the solution concept for the closed-loop system is in the sense of Filippov [18] .
It is important to point out that the direct application of discontinuous control in mechanical systems is almost always impractical since the effects of switching forces on the actuators and gear trains can be destructive. Thus, in real systems, the control discontinuity is smoothed [19] so that the system trajectory moves to a neighborhood of the approximate discontinuity. The study of the idealized discontinuous control scheme, however, gives a clear picture of the salient properties of the system dynamics.
The following theorem can then be stated. Theorem 1: If the variable structure control law given by (12)- (14) is applied to the underactuated robots (2) (17) .
Using (13) and (14) Remarks: 1) The control law is, in a simple fashion, only related to the bounds of the inertia parameters r and f . So, the parameter variations in the plant can be taken into account easily. Similar to [13] and [14] , we may assign different gains to the components of u u u a to avoid using only r and f which may lead to overly conservative design. Then, the gain condition (11) becomes j ri j ri ; j fi j fi limt!1(t) =d (t).
2) The control law given above is discontinuous and needs to be smoothed for implementation. As usual, we can replace signum nonlinearity by a saturation nonlinearity, which is specified as 
Such a smooth method generally leads to the conclusion that the regulation error is globally uniformly ultimately bounded. However, for this proposed algorithm, the proof of the boundedness of the regulation error seems not to be straightforward and still needs further investigation. We have conducted extensive simulation studies using two link underactuated manipulator as an example (see the next section), and the simulation results indeed confirm the boundedness of the smoothed algorithm.
IV. EXAMPLE: THE TWO-LINK MANIPULATOR
In this section, the developed method is applied to a two-link manipulator with rotational joints in a horizontal plane. Suppose that the first joint is actuated while the second is not. Ignoring any friction and attenuation effects, the smoothed control algorithm was tested using Simulink. Therein, the boundary layer is chosen as = 0:1. figures show the versatility of the control algorithm. From Figs. 1 and 2, we see that selection of controller parameters can affect the system performance. Unfortunately, there is no systematic approach for the selection of these values. They must be chosen using iterative simulations, and a tradeoff between system response and control gains should be made.
V. CONCLUSION
A regressor-based adaptive variable structure control algorithm has been proposed for unactuated mechanical systems, in the case of arbitrary uncertain inertia parameters. The controller ensures the global regulation and the switching gains depend only on the inertia parameters of the mechanical system. Simulation results were presented to demonstrate the regulation performance of the closedloop system.
